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Abstract. We study initial conditions for inflation in scenarios where the inflaton potential
has a plateau shape. Such models are those most favored by Planck data and can be obtained
in a large number of model classes. As a representative example, we consider Higgs inflation
with and without an R2 term in the context of Palatini gravity. We show that inflation with a
large number of e-folds generically occurs in a large part of the parameter space without any
fine-tuning of parameters even when the scale of inflation and the inflaton field value during
inflation are much smaller than the Planck scale. We discuss consequences for detection of
primordial gravitational waves and spectral tilt of curvature perturbations, as well as the
recently proposed ”Trans-Planckian Censorship” conjecture.
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1 Introduction
In this paper we study the initial conditions that are needed to start a phase of accelerated
expansion, i.e. cosmic inflation, in the case where inflation is driven by a scalar field whose
potential exhibits a plateau regime. We do not confine ourselves to models where inflation
occurs necessarily at large scales but study also scenarios where the scale of inflation and the
corresponding field value φ can be much smaller than the Planck scale MP. Scenarios like
this are encountered, for example, in various models where the Standard Model (SM) Higgs
field drives inflation [1–3] and which are therefore of particular interest in the search for the
connection between low energy particle physics and cosmic inflation (for a recent review,
see Ref. [4]), or in the context of so-called α-attractor models [5, 6]. Furthermore, plateau
models are precisely those most favored by the Cosmic Microwave Background (CMB) data
[7, 8].
In order for (slow-roll) inflation to happen, the kinetic energy stored in the inflaton
field must remain (much) smaller than the potential energy. However, it is a non-trivial
question of how generically this happens in a given model of inflation. This was studied
in the seminal papers [9–11] (see also Refs. [12–14]), in which it was shown that ”chaotic”
models of inflation where inflation occurs at φ > MP are not very sensitive to the initial
conditions but the occurence of inflation in the so-called small-field or hilltop models with
φ . MP can depend heavily on the initial conditions. However, as recently shown in Ref.
[15], models where the inflaton potential exhibits a plateau are not ”small-field” models in
the usual sense, and inflation can occur also at φ ∼MP without a need for fine-tuning1.
In this study we will further consolidate this claim by studying scenarios where the field
range can be considerably smaller than the Planck scale and also where the inflaton kinetic
term can be non-canonical. In this way, we extend the study of Ref. [15] to address the claims
made by Ijjas et al. in Ref. [16] concerning fine-tuning in the initial conditions needed to
start inflation and how the Planck data favor models for which this issue is, according to Ref.
[16], most problematic. We will show that this is generically not the case in a homogeneous
and isotropic situation even in scenarios where inflation occurs at very small field values,
φ  MP. In addition to presenting this important result, we will also comment on the
1Like Ref. [15], by ”fine-tuned” initial conditions we mean a set of initial conditions that occupies only a
small fraction of the inflaton phase-space. For discussion on the choice of a phase-space measure, see Section
VII of Ref. [15].
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claims made in Ref. [17] regarding the required amount of fine-tuning in initial conditions
for inflation in the context of the ”Trans-Planckian Censorship” conjecture and show that
generically no fine-tuning is needed in models like those studied in this paper.
The paper is organized as follows: in Sec. 2, we present the class of inflationary models
we study in this paper and discuss the scaling laws that the inflaton equation of motion
and the Friedmann equation exhibit in our scenario. In Sec. 3, we present our main results
regarding the initial conditions and predictions for CMB observables in these models and
then conclude in Sec. 4.
2 Cosmic inflation
As an interesting example of a model where the inflaton potential exhibits a plateau, we
consider the action
SJ =
∫
d4x
√−g
(
1
2
F (R,φ)− 1
2
gµν∂µφ∂νφ− V (φ)
)
, (2.1)
where g is the determinant of the space-time metric gµν , R = g
µνRµν(Γ, ∂Γ) is the curvature
scalar, Rµν is the Ricci tensor which is constructed by contraction from the Riemann tensor
Rλµνσ which, in turn, is constructed from the space-time connection Γ and its first derivatives,
and φ is the inflaton field. In the following, we take
F (R,φ) = M2PR+ αR
2 +G(φ)R, (2.2)
where α is a dimensionless parameter and G(φ) encapsulates the possible non-minimal cou-
plings between the inflaton and gravity. In the following, we will take G(φ) = ξφ2 for
simplicity, and allow the connection to depend on the inflaton field value too, in addition to
the space-time metric. That is, we do not require that the connection should be the usual
Levi-Civita one but allow for a more general starting point2. We do, however, require the
connection to be symmetric in its two lower indices, Γλµν = Γ
λ
νµ, so that the torsion tensor
vanishes (for scenarios with non-vanishing torsion, see Refs. [36, 39]). Thus, α = 0 , ξ 6= 0
corresponds to the usual non-minimal inflation (see e.g. [2, 50–61]) and α 6= 0 to the scenario
studied in Refs. [32, 33, 38, 42, 46, 47], while α = 0 = ξ represents the minimally coupled
case where only the form of V (φ) is important.
A Weyl transformation
gµν → ϕ+G(φ)
M2P
gµν , (2.3)
where ϕ is an auxiliary field shows that the action (2.1) is equivalent to [32]
SE =
∫
d4x
√−g
[
1
2
M2PR−
1
2
∂µχ∂µχ+
α
2M4P
(
1 + 8α
U¯
M4P
)
(∂µχ∂µχ)
2 − U(χ)
]
, (2.4)
where the re-defined inflaton field χ is given by
dφ
dχ
=
√(
1 +
G(φ)
M2P
)(
1 + 8α
U¯
M4P
)
, (2.5)
2This is an example of what is often called a Palatini or metric-affine theory; see Ref. [3] for original
work and Ref. [18] for an introduction to the topic, as well as Refs. [19–49] for some other recent studies on
inflation in this context.
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Figure 1. A sketch of the Einstein frame potential U(χ) (2.6) with the quartic Jordan frame potential
(2.13). The potential is exponentially flat for χ/MP > (ξ
2 + 8αeff)
−1/4.
and the potential is
U(χ) ≡ U¯(χ)
1 + 8αU¯(χ)/M4P
, U¯(χ) ≡ V (φ(χ))[
1 +G(φ(χ))/M2P
]2 . (2.6)
Note that only one field is dynamical; this is due to the fact that the Jordan frame connection
depends on both φ and gµν and not just the metric. This renders the αR
2 term non-
dynamical, unlike in the case of the famous Starobinsky model [62], which is based on metric
gravity (where the connection is precisely the Levi-Civita one). However, a non-zero αR2
term will still affect the dynamics of χ, as we will see more explicitly in the following.
In the Friedmann–Robertson–Walker (FRW) case with zero spatial curvature the Fried-
mann equation and the equation of motion for the field read [32]
3M2PH
2 =
1
2
[
1 + 3α(1 + 8α
U¯
M4P
)
χ˙2
M4P
]
χ˙2 + U , (2.7)
0 =
[
1 + 6α(1 + 8α
U¯
M4P
)
χ˙2
M4P
]
χ¨+ 3
[
1 + 2α(1 + 8α
U¯
M4P
)
χ˙2
M4P
]
Hχ˙+ 12α2
χ˙4
M8P
U¯ ′ + U ′ ,
and inflation happens when the first slow-roll parameter
H ≡ − H˙
H2
=
χ˙2
2M2PH
2
[
1 + 2α
(
1 + 8α
U¯
M4P
)
χ˙2
M4P
]
(2.8)
is smaller than one.
In Ref. [32], the equations (2.7) were studied in the slow-roll limit, where H  1 and
the χ¨-term in (2.7) is negligible. It was shown that the leading slow-roll predictions for the
power spectrum amplitude and the spectral index do not depend on α but are equal to the
standard α = 0 case, that is,
24pi2M4PAs =
U
U
=
U¯
U¯
, ns = 1 + 2ηU − 6U = 1 + 2ηU¯ − 6U¯ , (2.9)
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where the potential slow-roll parameters are defined as
U ≡ 1
2
M2P
(
U ′
U
)2
, U¯ ≡
1
2
M2P
(
U¯ ′
U¯
)2
= U |α=0 ,
ηU ≡M2P
U ′′
U
, ηU¯ ≡M2P
U¯ ′′
U¯
= ηU |α=0 .
(2.10)
The number of e-folds of inflation does not depend on α either3. The main effect of a non-zero
α is to lower the predicted tensor-to-scalar ratio:
r = 16 =
16
1 + 8αU¯/M4P
U¯ , (2.11)
so that in case of large α, the scenario yields negligible primordial gravitation waves. The
Planck and BICEP2/Keck Array limits for the aforementioned observables are [7, 63]
As = 2.1× 10−9 , ns = 0.9625± 0.0048 , r < 0.06 , (2.12)
measured at the pivot scale k = 0.05 Mpc−1. In this paper, we will show by studying few
example potentials that the slow-roll solution is still an attractor in the presence of the non-
minimal kinetic terms, so the results (2.9) and (2.11) are general and practically independent
of the initial conditions.
2.1 An example: Higgs inflation
As a representative example, we study the potential
V (φ) =
λ
4
φ4 , (2.13)
which is the (Jordan frame) potential encountered in e.g. the Higgs inflation model, where
the SM Higgs is the field responsible for driving inflation [1–3]. The potential U(χ) is then
exponentially flat for large field values as long as either ξ or α is non-zero, see Fig. 1.
If ξ  1, we have slow-roll inflation with the quartic potential (2.13) at the CMB scales,
and a non-zero α only modifies r as discussed above. The observables in terms of the number
of e-folds N are easily calculated and read
As =
2λN3
3pi2
, ns = 1− 3
N
, r =
16
N(1 + 128αλN2)
. (2.14)
If ξ  1, we have the Palatini-Higgs inflation [3], so
As =
λN2
12pi2ξ
, ns = 1− 2
N
, r =
2
ξN2(1 + 2αλ/ξ2)
. (2.15)
Here N depends on the energy scale of inflation, and using the observed value of As and
assuming instant reheating it can be written for our pivot scale k = 0.05 Mpc−1 as
N ≈ 56− 1
4
ln
(
0.06
r
)
. (2.16)
3When the quantities with and without a bar are compared here, it is done with a fixed value of the Jordan
frame field φ.
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We will consider the compatibility of these predictions with the Planck observations (2.12)
in section 3.2.
Before analyzing the time evolution in this model, we note that the model obeys a
scaling law: when the coordinates and couplings in the Jordan frame action (2.1) are scaled
as
xµ → sxµ , α→ s2α , λ→ s−2λ , (2.17)
where s is a scaling parameter, then the scalar curvature changes as R → s−2R, and the
action stays the same apart from a constant scaling4:
SJ → s2SJ . (2.18)
In this scaling, the parameter
αeff ≡ αλ (2.19)
remains constant. The classical equations of motion do not change in such a rescaling of
the action. There is then no change in some of the dimensionless parameters, such as the
slow-roll parameters, r, or ns as functions of the number of e-folds of inflation, as can be
directly seen from (2.14), (2.15). There is a scaling in the dimensionful parameters, however,
such as the energy scale of inflation, as well as in As.
In the next section, we will consider the time evolution of the model in phase-space
with different parameter values. Because of the scaling symmetry, it is enough to consider
different values of ξ and αeff . The phase-space flow diagrams we present do not depend on
the values of λ and α separately. These can always be fixed for any αeff by, for example,
fixing the power spectrum amplitude As at the CMB scale.
3 Results
3.1 Attractor behaviour
We study the phase-space flow of solutions to (2.7) with the potential (2.13) in two cases.
First, Figs. 2 and 4 show the inflaton trajectories in phase-space for the parameter values
ξ = 0 , αeff = 10
9 . (3.1)
As emphasized above, these trajectories only depend on αeff , not α and λ separately. For
this choice, the canonical field χ has a maximum value
χmax ≈ 8.9× 10−3MP , (3.2)
corresponding to φ → ∞, which comes from integrating (2.5) with G = 0. The inflationary
plateau is compressed to values close to χmax, so the phase-space diagrams in Fig. 2 presented
in (χ, χ˙) coordinates are not very informative. For this reason, Fig. 4 shows the diagrams in
(φ, φ˙) coordinates with a long, explicit plateau at φMP(8αeff)−1/4.
Second, Figs. 3 and 5 show the trajectories for
ξ = 9.5× 108 , αeff = 0 , (3.3)
4Note that this does not depend on the form of V (φ); in general, the λ-scaling can be replaced by a scaling
of V (φ).
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Figure 2. Phase-space flow of the solutions to Eq. (2.7) with ξ = 0, αeff = 10
9. The red dashed
lines correspond to H = 1, so inflation occurs in points between them. Slow-roll inflation happens
near the points (±χmax, 0). Trajectories in the light-coloured upper region eventually end up to the
slow-roll regime at χ ≈ χmax and the trajectories in the dark-coloured lower region eventually end
up to the slow-roll regime at χ ≈ −χmax. Only the trajectories confined in the middle region end
up oscillating near the potential minimum without ever entering slow-roll. Left: The whole χ-range,
with χ˙ defined to be the maximum χ˙-value on the dashed lines. Right: A zoomed-in version near
the positive χmax showing the convergence of trajectories to the horizontal slow-roll line from above,
and the divergence of trajectories below which will overshoot the minimum and end up into slow-roll
on the other side of the potential.
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Figure 3. Same as Fig. 2 but for αeff = 0, ξ = 9.5× 108. Here χ100 is the minimum value of χ where
there is O(100) e-folds of slow-roll inflation left. Left: A wide view; the trajectories continue almost
horizontally outside of the figure. Right: A zoomed-in version near χ100, where the curving of the
trajectories to the slow-roll attractor near χ˙ = 0 can be seen.
which gives the correct CMB predictions for λ = 0.1, see Eqs. (2.12), (2.15). This time,
there is no maximum value for χ but at the CMB scales, N ≈ 50, we have φMP and the
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Figure 4. Same as Fig. 2 but with the Jordan frame field φ instead of χ. Slow-roll happens near
φ˙ = 0, and φ˙ is defined as the φ˙-value with H = 1 when φ = 10
4MP × (8αeff)−1/4. Left: A
representative image of the phase-space, with the maximum value of φ chosen so that it corresponds
to O(100) e-folds of slow-roll inflation. Middle: A zoomed-in version showing the flow near the
origin. Right: A zoomed-out version, which shows the eventual convergence of trajectories towards
slow-roll.
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Figure 5. Same as Fig. 4 but for αeff = 0, ξ = 9.5×108. The field value φ = 106MP/
√
ξ corresponds
to O(100) e-folds of slow-roll inflation and φ˙ is the φ˙-value with H = 1 when φ = 106MP/
√
ξ. The
behaviour is almost identical to Fig. 4 despite the fact that the middle region without slow-roll is
almost too narrow to be seen in the left and right panels.
canonical field value
χ50 ≈ 4.6× 10−4MP , (3.4)
well below the Planck scale.
As can be seen from the figures, most trajectories end up in the regime where slow-roll
inflation will eventually take place. Either the trajectories fall into slow-roll directly, or they
pass χ = 0, slow down, and enter slow-roll on the other side of the potential. Only the
trajectories with fine-tuned initial conditions end up oscillating around the origin without
yielding a significant amount of slow-roll inflation. This is generically true for all potentials
where at least one of the parameters ξ, αeff is large. This statement of course depends on the
choice of the field parameters and the phase-space probability measure and should therefore
be taken in a qualitative manner only.
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3.2 Predictions for observables
Finally, let us see when the predictions of the model comply with the CMB observations
(2.12), in particular with the measured value of ns, as for large ξ or α the tensor-to-scalar
ratio (2.15) is always within the Planck bounds and the value of λ can always be chosen
such that the predicted amplitude As matches with observations. From (2.16), we see that
for N . 55, the quartic case with small ξ gives too small predictions for the spectral index
regardless of the value of αeff , ns . 0.945 (see Eq. (2.14)), which are ruled out by CMB
observations. However, the large-ξ case gives ns . 0.964 (see Eq. (2.15)), which is compatible
with observations. Note that the non-minimal coupling does not need to be very large, as
we only need to require ξ & 1. Therefore, for large enough ξ and N , the Higgs-like φ4 model
is generally compatible with observations.
Let us then consider a case where the scale of inflation is small and where, consequently,
the number of e-folds between the horizon exit of the pivot scale and the end of inflation is
also small. This happens in scenarios with a large ξ or αeff , as then inflation takes place at
small field values χ and the tensor-to-scalar ratio r is small. To see how the value of χ at the
CMB scales maps to ξ and αeff in our model, see Fig. 6. By choosing a large enough ξ or
αeff , the excursion of the field during inflation ∆χ and r can be made small enough to agree
with the so-called trans-Planckian censorship conjecture limits [17]
r . 10−30, |∆χ| . 10−13MP , (3.5)
needed to ensure that no scale observed in today’s (classical) universe originated from super-
Planckian energy scales during inflation. With Eqs. (2.14), (2.15) and N ∼ 40–50, these
translate to
αeff & 1024 , ξ  1 ,
αeff/ξ & 1026, 1 . ξ2  αeff ,
ξ & 1027 , αeff  ξ2.
(3.6)
Demanding perturbativity, λ < 1, and the observed value for As (see Eqs. (2.12) and (2.15)),
gives an upper limit for ξ:
ξ . 1010 . (3.7)
Thus, to satisfy the limits (3.6), αeff must be large.
Note that when r is very small, this starts to affect the CMB value of N , see Eq. (2.16),
and thus also the predicted value of ns. In the limit r < 10
−30, we have N < 39 and therefore
ns < 0.95, which is in tension with observations even in the case of a large ξ. Therefore,
while there is no problem with initial conditions, the Higgs-like inflation model with an R2
term in Palatini gravity is in tension with observations if we also demand it to satisfy the
limits (3.6).
However, for a shallower potential, for instance for φ2n with n < 2 and a non-minimal
coupling ξφn, the prediction for the spectral index becomes ns = 1 − (1 + n/2)/N at the
limit of large ξ [27], which can be made compatible with Planck even when N . 40; see an
example of this in Ref. [46]. Therefore, while the Higgs-like φ4 scenario is in tension with
the CMB observations when requiring it to satisfy the proposed trans-Planckian censorship
conjecture limits, this is not, in general, the case for scenarios belonging to the same model
class. While we have not studied initial conditions for general φ2n potentials in this paper,
we do not expect them to differ from the Higgs-like φ4 case in scenarios where also an R2
term in Palatini gravity is added to the Lagrangian.
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Figure 6. The canonical field value χ at CMB scales corresponding to a time when there was 50
e-folds of inflation left, χ50, as a function of ξ and αeff . Roughly, the value of χ50 is dictated by
ξ2 + 8αeff . Note that the field excursion during inflation, ∆χ, can be much smaller than the actual
field value χ50, especially for αeff  ξ2, where all inflation happens close to a constant χ-value, as
discussed in section 3.1.
4 Conclusions
We have studied initial conditions for inflation in scenarios where the inflaton potential has a
plateau shape. Our motivation for this was two-fold: such models can be obtained in a large
number of model classes and are, most importantly, among those most favored by Planck
data. As a representative example, we considered a Higgs inflation model where the SM
Higgs couples non-minimally to gravity, and also allowed the action to contain an R2 term
in the context of Palatini gravity.
We showed that inflation with a large number of e-folds generically occurs in a large
part of the model parameter space, without any need for fine-tuning of parameters even when
the scale of inflation and the inflaton field value during inflation are much smaller than the
Planck scale. As shown in the paper, the phase-space trajectories end up in the regime where
slow-roll inflation eventually takes place; either because the trajectories fall into the slow-roll
regime directly, or because they pass χ = 0, slow down, and enter slow-roll on the other side
of the potential. Only the trajectories with fine-tuned initial conditions end up oscillating
around the origin without yielding a significant amount of slow-roll inflation.
Our findings hold generically for all Higgs-like potentials where at least one of the
parameters ξ, αeff is large. The above statements, however, depend on the choice of the
coordinates and the corresponding phase-space probability measure, and should therefore be
taken in a qualitative fashion only. Likewise, our conclusions apply only in the case where
inflation occurs in a homogeneous and isotropic FRW universe. Future studies are needed
to extend our study to scenarios where the initial conditions may not be homogeneous nor
isotropic and to quantify the probability of inflation in such cases.
Finally, we discussed the compatibility of the models studied in this paper with the CMB
– 9 –
observations and the recently proposed trans-Planckian censorship conjecture, and showed
that while the latter can easily be satisfied for large enough αeff (without fine-tuning of the
initial conditions), the predicted value for the spectral index ns is, in this model, in tension
with the Planck data. However, if the requirement of satisfying the conjecture is lifted, the
models are in perfect agreement with data. This reinforces the motivation for future studies
on this topic.
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